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In the p resen t  paper ,  we invest igate  the flow of a mul t icompoaent ,  par t ia l ly  ionized gas mix-  
ture in the boundary  l a y e r  around an i m p e r m e a b l e  sur face ;  the s ta te  in the boundary l aye r  
being one of chemica l  equi l ibr ium.  As an example  , t h e  flow of par t ia l ly  ionized a i r  about a 
sphere  is cons idered .  The chemica l  composi t ion a t  eve ry  point of the boundary l a y e r  with 
running values  of the p r e s s u r e ,  t e m p e r a t u r e ,  and concentra t ions  of the chemica l  e lements  
was found by Newton's  method, para l le l  with the in tegra t ion  of the fundamental  s y s t e m  of 
n o n s e l f - s i m i l a r  d i f ferent ia l  equations by the curve-f i t t ing method.  Also d i scussed  is an-  
other  method of finding the composi t ion,  which is more  economica l  f rom the point of view of 
expendi ture  of machine t ime .  It  is found that the d imens ion less  heat  flux to the wall at  the 
f ront  c r i t i ca l  point of the sphere  can be 26% l a r g e r  for constant  concentra t ions  of the chem-  
ical  e l ements  than i t  is for  va r iab le  concent ra t ions .  

This paper is a continuation of [1], in which, for the case of flows of ionized mixtures without external 
electromagnetic fields, the fundamental Navier--Stokes and Prandtl system of equations is reduced to a form 
that is similar to the eorrespoz:Ung system for a chemically reacting mixture of neutral components by 
neglect of the electric field generated because of the separation of charges of components having different 
diffusion properties. In [i] it was shown that when the number of chemical elements in the ionized mixture 
is greater than 2, the chemical composition at each point of the flow depends not only on the pressure and 
temperature, but also on the concentrations of the chemical elements as new independent parameters~ This 
circumstance leads to the appearance of additional terms in the energy equation that are proportional to the 
concentration gradients of the chemical elements~ 

In the present paper the system of equations for a partially ionized boundary layer in chemical equi- 
librium is integrated numerically by the curve-fitting method [2]. Profiles of the concentrations of com- 
ponents in the boundary layer with constant and variable concentrations of the chemical elements are com- 
pared for the case of flow of partially ionized air about a sphere~ It is noticed that, in contrast to the case 
of dissociated air, when the concentration of the chemical element oxygen at the wall can be larger than it 
is on the external boundary of the boundary layer, in the case of partially ionized air an excess concentra- 
tion of the chemical element nitrogen forms on the surface of the body. This is explained by the fact that, 
under the conditions considered, a larger percent of atoms of nitrogen than of oxygen are ionized at the ex- 
ternal boundary of the boundary layer. 

For the critical point of the body, approximate formulas are obtained for the dependence of the di- 
mensionless heat flux on the drop in enthalpy and the parameter I/(yef across the boundary layer. (Here, 
gef  is the effective l~andtl number, I = #P/PwPw, ~ is the viscosity of the mixture, p is the density of the 
mixture, and the index w denotes the surface of the body.) 

In the case of ionization, the dimensionless heat flux in a chilled boundary layer can be 1.4 times 
larger than it is in an equilibrium boundary layer. With an accuracy of 5-10% the ratio of the heat fluxes 
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at the la teral  surface and at the cr i t ical  point of a sl~here up to an angle of 80 ~ was found to be equal to the 
ratio of these quantities calculated in [3] for dissociated a i r  on the basis  of the hypothesis of local simili-  
tude, and other simplifying assumptions.  This is explained by the mutual compensation of cer ta in  t e rms  
entering into this ratio.  For  angles g rea te r  than 85 ~ the deviation in the ratio of heat fluxes f rom that 
found in [3] amounts to 25-30%. 

1. The sys tem of equations for a multicomponent part ial ly ionized boundary layer  in chemical  equi- 
l ibr ium in the absence of external e lect romagnet ic  fields and energy t r ans fe r  by radiation [1], wri t ten in 
te rms  of A. A. Dorodni tsyn 's  variables  (~, ~) in Liz ' s  form for the unknowns f ,  0, zi* (i = 1, . . o ,  Ne--2) 

x y 

= ~tePeuer2~dx, ~l=U~ r~ \24]  J p d g '  l - -  
�9 l ~ w %  

o o 

F 
U 9v = r -v  L(2~/e)J/~O~x ' + ~--/~-) 'Ix ], ] 

"T - -  T w e l *  - -  ci* w 
~0 = [ [i --(in le)~' ] + 2~/~', 0 = - - -  zi* : 

T e - -  T w ' �9 . Cie - -  C~w 

reduces to a form that is convenient for numerical  integration by the scheme proposed in [2]. 

Here #, p, u, v, and r are,  respect ively ,  the viscosi ty of the mixture,  the density, the projections of 
the mass-averaged velocity onto the tangent and the normal to the surface,  and the distance f rom the axis 
of symmet ry  of the body; v = 0 or  1, respect ively ,  for flow about a plane contour or  about an ax i symmet r ic  
body; T is the tempera ture ,  ci* is the concentrat ion of the i-th chemical  element,  N e is the number of 
chemical  elements,  the index e re fe rs  to quantities on the external  boundary of the boundary layer ,  w to 
quantities on the body, and here ,  and throughout what follows a prime denotes a derivative with respec t  to 
the variable in the subscr ipt .  

This sys tem of differential equations (for the momentum of the mixture,  heat influx, N e equations for 
the diffusion of the chemical  elements) ,  and the Stefan--Maxwell relat ions for a part ial ly ionized gas are  
closed by algebraic  conditions for chemical  equilibrium and the conditions for the absence of a cur ren t  and 
for quasineutrali ty.  The boundary conditions on the nonpermeable surface a re  the following: the adhesion 
condition for the velocity components and conditions for the conservat ion of the chemical  elements at a pre-  
scr ibed tempera ture  of the body. At the external  boundary layer  the boundary conditions (u e, T e) are  found 
by solving a sys tem of ordinary  differential equations along a jet flow for a given pressure  distribution, 
taken f rom known numerical  solutions of the nonviscous problem. (In Section 3 the p ressu re  distribution 

�9 1 for a sphere was approximated by the data of [4].) The concentrat ions Cie (j = , . . . .  Ne-2) of the chemical  
elements are  constant along the external boundary of the boundary l aye r  J and are  equal to their  values C;oo 
in the oncoming s t ream.  

For the determination of the chemical  composition, ii is necessary ,  parallel  with the integration of 
the fundamental sys tem of differential equations, to solve the following sys t em of a lgebraic  equations (with 
prescr ibed  running values of the p ressu re  p, the tempera ture  T, and the concentrat ions of the chemical  
elements  ci* (i = 1 . . . . .  Ne--2)) 

N N e  

,~1 ( A i ~ - ' ~ c J * ~ K p i p ~ i l I =  m~ / ~=1 exp (A~kv~) = 0 ( i  = i . . . . .  N e - -  i ) "  

N N e  N e 

i = l  k = 1  j = l  
v~ = In X i 

(1.1) 

N e 

v ~ =  ~ A ~ v ~ + i n K p ~ + v i l n p  (~=l . . . . .  N) (1.2) 

Here m i and x i a re ,  respect ively ,  the molecular  weight and the molar  concentrat ion of the i-th com- 
ponent, Aik is the s toichiometr ic  coefficient in the react ion for the formation of a component with the 
chemical  symbol Ei f rom the elements 
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N e 

E~=--E~, A i ~ l ,  K p ~ t ,  QI*(T)------O (~<N~) 

The quantities Qi* and Kpi are  the molar  heat and the equilibrium constant of this reaction,  r espec-  
tively. 

The sys tem (1.1), (1.2) is suitable for solution by Newton 's  method, since one can f i rs t  find all the 
vj for j _< Ne, f rom (1.1), and then, the remaining vj (j > Ne) f rom (1.2). For  the correc t ions  Avj (j ~< N e) 
during solution of the sys tem of equations, oriels obliged to determine an inverse matr ix  of o rde r  Ne. (Re- 
call that usually the number of elements in a concrete problem is far  less than the number of components.) 

If relat ions (1.1) are differentiated with respec t  to 7, and the result ing sys tem is then solved for  
(vi)~?', we obtain a sys tem of equations of the form 

Ne--g 

(v~)~' = ~ E~j(ci*)~' + E~N -2T~' (~ = t . . . . .  Ne) 
j=l 

(1.4) 

where Eij is a known function of p, T, and vj. Then, with prescr ibed  (cj*)~', c j* ,  T, T~', and p, we have a 
Cauchy problem for the determinat ion of v i (i _< Ne), and the remaining vi(i > Ne) are  determined at each 
point f rom (1.2), it being supposed that the composit ion has been found at some point or  another (for in- 
s tance,  by Newton's method). Thus, the sys tem (1o4), (1.2) is sufficiently adjoined to the fundamental sys-  
tem of differential equations, solved by the curve-fit t ing method. In compar ison with Newton's method this 
method can give a saving in machine time, since in Newton's method severa l  i terat ions must be ca r r i ed  out 
at  each point in o rde r  to obtain the required accuracy .  

2. As an example, the fundamental boundary problem descr ibed above was solved in the special  case 
of flow of part ial ly ionized a i r  about a sphere with no mass t ransfer  through the surface .  The range of 
t empera ture  var ia t ion at the cr i t ical  point on the external boundary of the boundary layer  was f rom 10,000 
to 16,0.0 K at stagnation p re s su res  of f rom 10 -2 to 100 arm. Wall t empera tures  of 2000 and 3000~ Were 
assumed.  For  the elements ,  C, E, (electrons) , and N were considered,  the following sys tem of react ions 
being taken into account:  

0 + = O - -  E - - Q *  (0+), N + = N - -  E - - Q *  (N +) 
03 = 2 0 - -  Q* (02) ,N  2 = 2 N - - Q *  (N2) 

Heat capacit ies of the components were approximated by polynomials in T according to the data of 
[5], af ter  which the equflibrium constants and react ion heats were expressed in t e rms  of the coefficients 
of these polynomials and the equil ibrium constants and react ion heats at some fixed tempera ture .  The 
coll ision c ross  sections for the pairs neutral par t ic le- -neut ra l  particle and neutral p a r t i c l e - c h a r g e d  par-  
ticle were approximated as power functions of the tempera ture  according to the data of [6, 7], and the 
charge t r ans fe r  c r o s s  section, according to the data of [8]. The collision c ross  sections for the pairs 
charged p a r t i c l e - c h a r g e d  particle were taken as Coulomb c ross  sect ions.  The coefficients of v iscosi ty  
and heat  conductivity of individual components and of mixtures ,  and also binary diffusion coefficients were 
calculated on the basis  of formulas  in [9]. 

Figure 1 shows profiles of molar  concentrat ions (1: x(C), 2: x(E), 3: x(N), 4 : 1 0  x(O+), 5: x(N+), 
6 : x(O 2), 7: x(N2)) and the concentrat ion c *(O) of the chemical  element O ac ros s  the boundary l ayer  at  the cr i t ical  
point of the sphere for a stagnation tempera ture  14,000~ wall temperature  3000~ and stagnation pres-  
sure  1 atm; the dashed curves denoting profiles of corresponding concentrations under the assumption that 
c* (O) = const  = 0.231 ac ros s  the boundary layer .  As can be seen from Fig. 1, in the boundary layer  c* (O) 
has a maximum 0.255, and a minimum 0.17, the concentrat ion of the chemical  element oxygen taking a value 
0.221 < 0.231 on the wall. This is explained by the fact that under the external  conditions under considera-  
t i o n , a g r e a t e r  percent  of ni trogen atoms are  ionized than atoms of oxygen, and this leads to an accumula-  
tion of the chemical  e lement  nitrogen on the surface of the body, so that the mobility of the ions is approxi-  
mately twice that of the a toms.  We recal l  that in the case of dissociation of a ir  an excess of the element 
oxygen builds up on a wall [10-12]. It is necessa ry  to take account of the phenomenon of separat ion of the 
elements in calculating the rate of disintegrat ion of the body, because,  in accord  with the laws of conserva-  
tion of the chemical  elements at  the wall, the magnitude of the gas blast  through the surface is governed by 
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TABLE 1 

T ~ 

10 000 

t2 000 

14 000 

i6 000 

Tw 

i 0 - 2  

i 

1o-2 
t 

1o 
ioo 

10-2 
t 

t0 
100 

t0-~ 
l 

i0 

0.08i5 
0.29i 

0.045 
0.]42 
0.309 
0.502 

0.07 
0.0745 
0.195 
0.377 

0.0783 
0.0573 
0.i25 

_'2,000 

C h 

0.326 
0.394 

0.223 
0.366 
0.409 
0.417 

0.i86 
0.294 
0.38i 
0.4025 

0.t88 
0.249 
0.339 

0.t88 
0.584 

0.t02 
0.283 
0.465 
0.62 

0.156 
0.1475 
0.284 
0.464 

0.i73 
0.106 
0.t82 

3000 

Ch 

0.34 
0.384 

0.218 
0.372 
0.402 
0.436 

0.2i 
0.3i 
0.388 
0.4i5 

0.i995 
0.257 
0.33 

~.4o) 

0.50 

o.25 

//" -~\ 

',... 

1 Z 

Fig.  1 

a dependence  on the quant i ty  ci* w. This  effect  can  a l so  be i m p o r t a n t  
in  tak ing  a c c oun t  of r a d i a t i o n ,  s ince  a change in  even  s m a l l  concen-  
t r a t i o n s  by  a few t i m e s  can  r e s u l t  in  a s u b s t a n t i a l  change  in  
the a b s o r p t i o n  coe f f i c i en t s .  The in f luence  of s e p a r a t i o n  of the 

e l e m e n t s  on the hea t  flux is  d i s c u s s e d  below.  By so lv ing  the funda-  
m e n t a l  bounda ry  p r o b l e m ,  one finds the hea t  flux (Jq)w to the wall  
a cc o r d i ng  to the f o r mu l a  

N 
Cp 

i = l  

[(~ + l) ~, ,v,  ( t ,  - -  G )  [ o /~ , ,  l ~* --  "~ (~" ~)=' = ~ P ~  J L ~ J~' 2 ( v + i )  (2.1) 

]i----Ixwp~uer ~L-~-j Xr ~ = - - ~ ,  Qr162 X ~ t = X + X  r 

Here  ~, Xef, X r ,  Cp, and J i  a r e ,  r e s p e c t i v e l y ,  the hea t  con-  
duc t iv i ty ,  the effect ive  hea t  conduc t iv i ty  [1], the hea t  conduc t iv i ty  
due to c h e m i c a l  r e a c t i o n s  [1], the hea t  capac i ty  of the m i x t u r e ,  and 

the d i f fus ion  flux of the i-th componen t .  

Resu l t s  of c a l c u l a t i on  of the hea t  flux a t  the c r i t i c a l  point  of 
the s p h e r e ,  g iven  in  Tab le  1, we re  a p p r o x i m a t e d  in  the f o r m  

c a (0.772 - -  2 9 -a'~ h ~  xo.~35 2000~ ~ T~ ~ 3000 ~ K (2.2) 

%, (-- .rq )w 
c~ (~,~,G,)o.6 (h e _ h w) 

l _ ~cp e! , 
~ I - - ~  cp ~I--%r+% 

where  h denotes  the tota l  en tha lpy  and Cp is  the hea t  capac i ty  due to the cou r se  of the r e a c t i o n  (de t e rmined  

in  [1 ] ) .  

As a check on the in f luence  of the s e p a r a t i o n  of e l e m e n t s  on the magni tude  of the d i m e n s i o n l e s s  hea t  
flux c h c a l c u l a t i o n s  a t  a c o n s t a n t  value 0.231 ,for c* (O) were  c a r r i e d  out .  At a wal l  t e m p e r a t u r e  of 2000~ 
and a p r e s s u r e  of 1 a t m  the magni tude  of c h a t  c o n s t a n t  c* (O) was  found to be 5-10% g r e a t e r  than  the ac tua l  
va lue ,  and at  a wal l  t e m p e r a t u r e  of 3000~ and a p r e s s u r e  of 10 "~ a i m  the e x c e s s  amoun ted  to 7, 26, 15, 
and 14%, r e s p e c t i v e l y ,  for  s t agna t i on  t e m p e r a t u r e s  10,000, 12,000, 14,000, and  16,000~ A c o m p a r i s o n  
was a l so  made of the magni tude  of Ch for  a n  e q u i l i b r i u m  (p resen t  paper)  and a chi l led  [13] bounda ry  l a y e r .  
In c o n t r a s t  to a d i s s o c i a t e d  b o u n d a r y  l a y e r  a round  an  idea l ly  ca ta ly t ic  wa l l ,  where  the d i f fe rence  in  heat  
f luxes in  the ch i l led  and e q u i l i b r i u m  c a s e s  is  i n s ign i f i can t ,  with ion iza t ion ,  the Ch for  a ch i l led  b o u n d a r y  
l a y e r  can  exceed  that  for  an  e q u i l i b r i u m  bounda ry  l a y e r  by m o r e  than 40%. Thus ,  a t  T w = 3000~ p = 10 -2 
a i m ,  the ra t io  of the d i m e n s i o n l e s s  hea t  f luxes ,  ca l cu la t ed  in  the p r e s e n t  pape r ,  and in  [13], amoun ted  to 
0.865, 0.596, 0.544, and  0.545, r e s p e c t i v e l y ,  for T e = 10,000, 12,000, 14,000, and 16,000~K. This  d i f fe rence  
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is explained by the fact  that  in an equ i l ib r ium boundary l a y e r  a 
l a y e r  of a toms  and molecu les  is  fo rmed a t  the su r face  of the 

body,  which inhibi ts  the pene t ra t ion  of charged  p a r t i c l e s  to the wall ,  and the i r  r ecombina t ion  on i t ,  whe reas  
in a chi l led  boundary l a y e r  the flux of charged pa r t i c l e s  to the wall  can be cons ide rab le .  

Fo r  suff ic ient ly  low wall  t e m p e r a t u r e s ,  r e s u l t s  of ca lcula t ions  of the convective hea t  flux at  the c r i t i -  
cal  point,  obtained in the p r e sen t  paper ,  a g r e e  within an a c c u r a c y  of 5-10% with the r e s u l t s  of [7], which 
apply to an equ i l ib r ium boundary  l a y e r .  This  can be expla ined by the d e c r e a s e  in the influence of the s epa -  
r a t ion  of chemica l  e l emen t s  on the magnitude of ch when the wall t e m p e r a t u r e  is d iminished  (T w _< 2000~ 

The deviat ion in the magnitude of the convect ive hea t  f lux found in the p r e s e n t  work f rom the e x p e r i -  
menta l  data of [14] a l so  amounted to 5-10%. 

Let  us turn  to r e s u l t s  of the ca lcu la t ion  of the flow about the l a t e r a l  su r face  of the sphe re .  

3. F igure  2 shows the p ro f i l e s  

" 0 = T -  T~, If - - / t~ '~~ (3.1) 
];=J. k = l  

and the d imens ion l e s s  concen t ra t ion  of the chemica l  e l emen t  oxygen O 

z* (0 )=  It* (0) - % *  (O)l / [c~* (0)  - -  c~, (0)1 

for  flows about  a sphere  co r r e spond ing  to a s tagnat ion  t e m p e r a t u r e  of 14,000~ a s tagnat ion p r e s s u r e  of 
1 arm,  and a wall t e m p e r a t u r e  of 3,000~ the dashed curves  indicat ing prof i les  with 

= x / / ~  = i . 4 7 5  

while the solid curves correspond to ~ = O. 

The ratio of the heat fluxes to the wall at a given point and at the critical point (index s) can be repre- 
sented in the form (we omit the index w) 

q ,  G(~__A ) = {  ~*~,,~% / 0 ~ *  g~' 
= : q (O) ~ ~ / ~ (g~') , 

2" ~(%**L~ (3.2) 
ket 

where  the quanti ty (Cp**)ef has been  defined in [11. 

F igure  3 shows the d i s t r ibu t ion  of q* along the sur face  of the sphe re ,  curve 1 co r respond ing  to the 
condit ions (Ts) e = 14,000~ p = 1 a tm,  and T w = 3,000~ the c r o s s e s  co r respond ing  to a su r face  t e m p e r a -  
ture  of 2,000~ while curve  2 was obtained through ca lcu la t ion  by an equation in [3], in which the d i s t r i bu -  
tion of the heat  flux along the su r face  for  the case  of flow about a body of d i s soc ia t ed  a i r  was found on the 
b a s i s  of the hypothes is  of loca l  s imi l i tude  under the a s sumpt ion  that  the Lewis numbers  of a l l  the c o m p o -  
nents a r e  the same and equal  to unity.  Resul ts  of ca lcu la t ions  of a n o n s e l f - s i m i l a r  p rob lem that  were  
made in that  paper  show that  the r a t i o s  ~s*/~r* and g~?'/(gu')s,  en te r ing  into Eq. (3.2) and ca lcu la ted  f rom 
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the complete  s y s t e m  of equations compensa te  each o ther  in such a way that  within an accuracy  up to 5-10%, 
the i r  product  is equal to the ra t io  g, ' / (gT?')s ,* found and approximated  in [3], where the s impl i f ica t ions  
mentioned above were  made~ For  ~% 1.45 the hypothesis  of local s imil i tude ceases  to be valid and the de- 
viation in the r e su l t s  of the p resen t  paper  and of [3] exceed 20%. 

The author  thanks G. A. Ti rsk i i  for  d iscuss ing the work.  
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